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Abstract We studied the response of fractional-order van de Pol oscillator to
Gaussian white noise excitation in this letter. An equivalent integral-order non-
linear stochastic system is obtained to replace the given system based on the prin-
ciple of minimum mean-square error. Through stochastic averaging, an averaged
Itoˆ equation is deduced. We obtained the Fokker–Planck–Kolmogorov equation
connected to the averaged Itoˆ equation and solved it to yield the approximate
stationary response of the system. The analytical solution is conﬁrmed by using
Monte Carlo simulation.
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As a generalization of the classical calculus, fractional calculus has been applied to various
ﬁelds in the past decades. The major advantage of the fractional calculus originates in the fact
that it has been proven to be an excellent tool to describe the memory and hereditary properties
of various materials and processes. Also, many practical systems (e.g., electromagnetic waves in
dielectrics)1 can be described more adequately through the fractional-order differential equations.
On the other hand, the van de Pol (VDP) oscillator, proposed originally as a model of vacuum
tube circuits and later applied widely to various ﬁelds was one of the most famous self-excited
systems. Recently, the model of classical VDP oscillator has been further developed, and the
fractional-order VDP oscillator has been formulated2 and studied by means of different numerical
methods.3,4 In this letter, we investigate the stationary response of fractional-order VDP oscillator
to external Gaussian white noise excitation. The critical procedure is to obtain an equivalent
integral-order stochastic system and use the stochastic averaging technique to study the equivalent
integral-order stochastic system.
Consider a fractional-order VDP oscillator externally excited by a Gaussian white noise. The
motion equation has the following form
DαX(t)+(−β0+β1X(t)2)X˙(t)+ω20X(t) = ξ (t), (1)
where ω0, β0, and β1 are positive parameters. DαX(t) is the fractional derivative under the deﬁ-
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nition of Riemann–Liouville, and it reads as
DαX(t) =
1
Γ(2−α)
d2
dt2
∫ t
0
X(t− τ)
τα−1
dτ, 1 < α  2, (2)
where Γ(·) is Gamma function and α is the fractional order. ξ (t) is Gaussian white noise having
intensity 2d. β0, β1, d are of the same order of ε , here ε is a small positive parameter.
Since the fractional order satisﬁes 1 < α  2, the fractional derivative term has contributions
to both inertia and damping. Hence, introduce the following equivalent system
m(A)X¨ +[−β0+β (A)+β1X2]X˙ +ω20X = ξ (t), (3)
where m(A) and β (A) are the coefﬁcients of equivalent inertia and damping forces, respectively,
and X = X(t).
The error between Eqs. (1) and (3) is
e= m(A)X¨−DαX +β (A)X˙ . (4)
The necessary conditions for minimum mean square error are
∂E[e2]/∂m= 0, ∂E[e2]/∂β = 0. (5)
Substituting Eq. (4) into Eq. (5) yields
E[X¨2m(A)− X¨DαX +β (A)X¨ X˙ ] = lim
T→∞
1
T
∫ T
0
(X¨2m(A)− X¨DαX +β (A)X¨ X˙)dt = 0,
E[X¨ X˙m(A)− X˙DαX +β (A)X˙2] = lim
T→∞
1
T
∫ T
0
(X¨ X˙m(A)− X˙DαX +β (A)X˙2)dt = 0. (6)
Assume that the solution of Eq. (3) is of the form5
X˙(t) =−A(t)ω(A)sinΘ(t), X(t) = A(t)cosΘ(t), (7)
where
Θ(t) = Γ(t)+ω(A)t, ω(A) = ω0/
√
m(A), (8)
with ω(A) being frequency of oscillator. Differentiating Eq. (7) with respect to t leads to
X¨(t) =−sinΘ d
dt
Aω(A)−Aω(A)
(
ω(A)+
dΓ
dt
)
cosΘ . (9)
Since dA(t)/dt and dΓ(t)/dt are approximate to 0 and Θ(t− τ) is close to Θ(t)− τω(A) while τ
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is small, we can obtain the following approximate expression
X¨(t)≈−Aω2(A)cosΘ . (10)
Substituting Eqs. (7) and (10) into Eq. (6) yields
lim
T→∞
1
T
∫ T
0
(m(A)X¨2(t)− X¨(t)DαX(t)+β (A)X¨(t)X˙(t))dt =
lim
T→∞
1
T
∫ T
0
(m(A)A2ω4 cos2Θ +Aω2 cosΘDαX(t)+β (A)A2ω3 cosΘ sinΘ)dt ≈
m(A)A2ω4
2
+
1
Γ(2−α) limT→∞
1
T
∫ T
0
[(
d2
dt2
Aω2 cosΘ
)∫ t
0
X(t− τ)
τα−1
dτ
]
dt =
m(A)A2ω4
2
+
1
Γ(2−α) limT→∞
1
T
·
∫ T
0
(
−A2ω4 cosΘ
∫ t
0
cosΘ cos(ωτ)+ sinΘsin(ωτ)
τα−1
dτ
)
dt = 0, (11)
lim
T→∞
1
T
∫ T
0
(m(A)X¨(t)X˙(t)− X˙(t)DαX(t)+β (A)X˙2(t))dt =
lim
T→∞
1
T
∫ T
0
(m(A)A2ω3 sinΘ cosΘ +Aω sinΘDαX(t)+β (A)A2ω2 sin2Θ)dt ≈
β (A)A2ω2
2
+
1
Γ(2−α) limT→∞
1
T
∫ T
0
[(
d2
dt2
Aω sinΘ
)∫ t
0
X(t− τ)
τα−1
dτ
]
dt =
β (A)A2ω2
2
+
1
Γ(2−α) limT→∞
1
T
·
∫ T
0
(
−A2ω3 sinΘ
∫ t
0
cosΘcos(ωτ)+ sinΘsin(ωτ)
τα−1
dτ
)
dt = 0. (12)
To simplify Eqs. (11) and (12) further, asymptotic integrals are introduced as follows
∫ t
0
cos(ωτ)
τα
dτ = ωα−1
(
Γ(1−α)sin
(απ
2
)
+
sin(ωt)
(ωt)α
+O((ωt)−α−1)
)
,
∫ t
0
sin(ωτ)
τα
dτ = ωα−1
(
Γ(1−α)cos
(απ
2
)
− cos(s)
(ωt)α
+O((ωt)−α−1)
)
. (13)
Substituting Eq. (13) into Eqs. (11) and (12) and averaging them regarding Θ(t) produce the
ultimate forms of m(A) and β (A)
m(A) = ωα−2(A)sin[(α−1)π/2], β (A) = ωα−1(A)cos[(α−1)π/2], (14)
in which ω(A) is determined by ωα(A)sin[(α−1)π/2] = ω20 .
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The equivalent system (3) can be rewritten as
X¨+
ω2{β0+ωα−1 cos[(α−1)π/2]+β1X2}X˙
ω20
+ω2X =
ω2ξ (t)
ω20
. (15)
The energy of the system (15) is H = X˙2/2+ω2X2/2= ω2A2/2.
When we use the stochastic averaging technique of energy envelope6 to study system (15), we
can get averaged Itoˆ equation of energy envelope H as
dH = σ(H)dB(t)+U(H)dt, (16)
in which the diffusion and drift coefﬁcients have the form of
σ2(H) =
2ω4dH
ω40
, U(H) =−ω
2{β0+4ωα−1 cos[(α−1)π/2]}H+β1H2/2
ω20
+
ω4d
ω40
. (17)
The Fokker–Planck–Kolmogorov (FPK) equation connected to Eq. (16) is
∂ p
∂ t
=−∂ (Up)
∂H
+
1
2
∂ 2(σ2p)
∂H2
, (18)
where p= p(H, t|H0) represents the probability density of transition of H.
After the reduced FPK equation (18) is solved, we can obtain the steady probability density
for H as
p(H) =C0 exp
{
−
∫ H
0
[(
d
du
σ2(u)−2U(u)
)
σ−2(u)
]
du
}
, (19)
where C0 is the normalization constant. We can get the other statistics of the steady response of
system (15) from Eq. (19). For instance, the stationary probability densities p(X1,X2) and p(X1)
can be calculated as
p(X1,X2) =
p(H)ω
2π
∣∣∣∣
H=X22 /2+ω2X
2
1 /2
, p(X1) =
∫ +∞
−∞
p(X1,X2)dX2. (20)
Numerical results (as shown in Fig. 1) for the stationary probability density of generalized dis-
placement with different α’s have been obtained with the following parameter values: β0 =−0.1,
β1 = 0.1, ω0 = 1.0, D = 0.2, unless otherwise mentioned. It is observed from Fig. 1 that the
analytical results agree well with the Monte Carlo simulations. Furthermore, a phenomendogical
bifurcation (P-bifurcation) as the fractional orders’ change can be found.
In this paper, a technique for obtaining the stationary response of fractional-order VDP os-
cillator to Gaussian white noise has been developed. The technique consists of obtaining the
equivalent integral-order stochastic system based on the principle of minimum mean-square error,
and applying the stochastic averaging technique to the equivalent integral-order stochastic system.
The numerical results have shown that the proposed technique works very well and the fractional-
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Fig. 1. The steady probability density of displacement of system (1) for different fractional order. Solid
lines represent the analytical results, symbols (, •, , ) denotes the Monte Carlo simulations.
order’s change may lead to P-bifurcation. It should be pointed out that the proposed technique can
be extended in a general class of randomly excited nonlinear fractional-order dynamical systems,
e.g., fractional-order Dufﬁng oscillator.
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